Abstract. We here analyze a system consisting of agents moving in a two-dimensional space that interact with other agents if they are within a finite range. Considering the motion and the interaction of the agents, the system can be understood as a network with a time-dependent topology. Dynamically, the agents are assumed to be identical oscillators, and the system will eventually reach a state of complete synchronization. In a previous work, we have shown that two qualitatively different mechanisms leading to synchronization in such mobile networks exist, namely global synchronization and local synchronization, depending on the parameters that characterize the oscillatory dynamics and the motion of the agents [1] . In this contribution we show that the spectral pattern differs between the two synchronization mechanisms. For global synchronization the spectrum is flat, which means that all eigenmodes contribute identically. For local synchronization, instead, the synchronization dynamics is determined mostly by the eigenmodes whose eigenvalues are close to zero. This result suggests that the global synchronization mechanism achieves fast synchronization by efficiently using the fast decaying eigenmodes (larger eigenvalues).
INTRODUCTION
Starting already with Huygens in 1665, synchronization of autonomous agents is a paradigmatic example of emergence [2, 3] . Recent development of the theory of complex networks enables us to study synchronization on intricate patterns of interaction [4, 5] . However, there are not enough studies for synchronization of networks with time evolving topologies [6, 7, 8, 9] . In particular, there is a particular class of such evolving networks, whose nodes (agents) move around but interact only with nearby agents [10, 11, 12] . We name such systems mobile networks. There are many examples where synchronization in mobile networks is crucial: chemotaxis [13] , mobile ad hoc networks [14] , wireless sensor networks [15] , and the expression of segmentation clock genes [16] .
In the literature, prior studies on synchronization in evolving networks are concentrated so far on two special cases. On the one hand, when the network topology changes in a fast manner, a good approximation is to consider a network where the connections are represented by the probability of pairs of agents being connected. This is the so-called fast-switching approximation (FSA) [17, 18, 19, 20] . On the other hand, when the population of agents is dense and arranged in a ring, the Fokker-Planck equation formalism has been used to describe the synchronization transition and the emergence of a spatial structure [21] . Recently, we proposed a general framework for mobile oscillator networks where agents perform random walks in a two-dimensional (2D) plane [1] . We have shown [1] that FSA fails when the time scale of local synchronization is shorter than that of the topology change due to the motion of the agents. Those time scales arise due to the interplay between instantaneous network topology, agent motion, and interaction rules.
The development of analytical methods for studying synchronization of mobile networks is crucial for the understanding of the dynamical properties of the system [1] . Here we propose a method based on the spectral decomposition of the time-dependent Laplacian matrix. We show that the obtained spectral pattern depends on whether the FSA holds, and hence the different mechanisms give rise to different spectral patterns.
The organization of the paper is as follows. In the next section, we summarize the model and results of our previous work [1] . Then we propose a spectral method to analyze synchronization in mobile networks, and discuss the statistical properties of different dynamical regimes.
MODEL SETTINGS
First we describe our model which has been introduced in Ref. [1] . This is a model of mobile agents moving in a 2D plane of size L with periodic boundary conditions. The state of each agent is characterized by a phase variable. We assume a type of interaction that makes that phases approach one another, but only for nearby agents within a certain spatial distance d. For instance, this stands for agents holding wireless devices interacting through a Bluetooth protocol.
In this model the time evolution of the ith agent position of the (x i (t), y i (t)) is
where Δt ≤ τ M . This comes from the fact that the angle of the ith agent's motion is
On the other hand, the time update of the agent phases is given by
where
Note that we consider discrete time updates with a time step τ P . In our previous paper, we found that the average phase difference
decays exponentially in time after the initial transient with a characteristic time T and reaches a state of complete synchronization [1] .
When the phase difference is small, the linearized equation
approximately describes the dynamics of the phases. Here, the time dependent Laplacian matrix L(t) is introduced as
represents the degree of the ith node, i.e. the number of oscillators that are around i within a range d. When the agents move fast enough and the network topology changes very fast, we can apply the FSA [17, 18, 19, 20] , which consists in replacing the entries in the connectivity matrix in Eq. (3) by its time average. By this approximation the characteristic time T FS is estimated as
Our numerical simulations show that there are two different mechanisms leading to complete synchronization, namely global and local synchronization, depending on the parameters of the system [1] . For global synchronization ( Fig. 1(a) ), all agents approach complete synchronization almost at the same rate. In this case, the FSA describes very well the characteristic time T . Global synchronization is observed in the parameter range where the time scale of topology change is much shorter than that of local synchronization inside an isolated cluster. On the other hand, when the latter is much shorter than the former, we observe important deviations from the FSA (Fig. 1(b) ). In this case, we get locally synchronized clusters in the intermediate time regime. Such clusters grow up, and eventually, complete synchronization is attained as well. Local synchronization is also observed when d is large enough because the whole network forms a single connected component (single cluster local synchronization, Fig. 1(c)) .
A detailed analysis of the linear approximation is available by decomposing Eq. (3) into normal modes θ l (t) corresponding to the eigenvalues λ l (t) of L(t). ϕ j and θ l are transformed by the orthogonal matrix U jl (t) such as ϕ j (t) = ∑ N l=1 U jl (t)θ l (t). The time evolution of θ l can be described as
by multiplying Eq. (3) by the transpose U T li (t + τ P ) on the left. Note that O lm (t) ≡ ∑ i U T li (t + τ P )U im (t) is also orthogonal. Hence the time evolution of the normal mode after n time steps can be written in terms of the product of matrices as θ l n (t + nτ P ) = ∏
, where l q denotes the suffix corresponding to an eigenmode at time t + qτ P . This matrix product consists of two parts: the transformation of the normal modes of instantaneous networks by O l q+1 l q , and the decay of each eigenmode in τ P by (1 − σλ l q ). 
STATISTICAL PROPERTIES OF THE NORMAL MODES OF THE MATRIX PRODUCT
In this section, we extend Eq. (5), derived in Ref. [1] , and propose a spectral analysis in order to characterize the asymptotic behavior of the system. Since O lm in Eq. (5) is orthogonal, we get the time evolution of the norm
When the number of agents and hence the number of eigenmodes is large, we can assume a continuous distribution of eigenvalues in the steady state f (λ ), with dλ f (λ ) = 1. Then we can analyze the statistical properties of θ (λ ) as a function of the eigenvalue λ . Introducing A as the long-time average of A, we get N dλ f (λ ) θ 2 (λ ) = 1 from Eq. (7). Note that the factor N appears because there are N eigenmodes in L(t). Since the approach to synchronization is exponential with a characteristic time T , the ratio between the norms at two consecutive updates will be θ 2 (t + τ P )/θ 2 (t) = e −2τ P /T , which leads to
This equation shows that if θ 2 (λ ) takes a large value for a large λ , fast synchronization is achieved. When σ is small enough, we can expand the logarithm in σ and, taking the lowest order term, T can be approximated to
Figures 2 (a), (b), and (c) show the results for global synchronization, multiple cluster local synchronization, and single cluster local synchronization cases, respectively. These results clearly show that spectral pattern is substantially different for global or local synchronization. For global synchronization ( Fig. 2(a) ), the distribution is flat. In this case, the network topology changes much faster than the time scale required for local synchronization. Therefore, θ m with small λ m is distributed to θ l with larger λ l via O lm term in Eq. (5). This is how the flat distribution is obtained for the global synchronization case. Using the equality N dλ f (λ )λ = (N − 1)ρ, given that the average eigenvalue of the Laplacian matrix is the average degree, Eq. (9) can be written as
which is identical to Eq. (4) to the lowest order in σ . This result suggests that the FSA is appropriate when the spectrum is flat. For local synchronization (Figs. 2(b) and (c)), the time scale of topology change is larger than that of synchronization inside a cluster. This implies that normal modes with larger λ decay faster than those with smaller λ , and transport between them does not take place easily. Therefore θ 2 (λ ) is larger for normal modes with smaller λ . The time T required for complete synchronization is larger when the local mechanism dominates than in the case of global synchronization, because smaller normal modes do not contribute to the decay. To summarize, we conclude that synchronization achievement is faster for global synchronization than for local synchronization, because modes with larger σλ contribute to synchronization achievement more for the flat spectrum of the global synchronization, as it clearly deduced from Fig. 2. Besides, Fig. 2 also implies that the FSA is a very efficient mechanism for complete synchronization. At the same time, this result suggests the existence of a more efficient complete synchronization mechanism: if the larger eigenmode is dominant, faster synchronization is achieved. 
